Darboux transforms of a harmonic inverse mean 
curvature surface 
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Abstract 

The notion of a generalized harmonic inverse mean curvature surface 
in the Euclidean four-space is introduced. A backward Backlund trans- 
form of a generalized harmonic inverse mean curvature surface is defined. 
A Darboux transform of a generalized harmonic inverse mean curvature 
surface is constructed by a backward Backlund transform. For a given 
isothermic harmonic inverse mean curvature surface, its classical Dar- 
boux transform is a harmonic inverse mean curvature surface. Then a 
transform of a solution to the Painleve III equation in trigonometric form 
is defined by a classical Darboux transform of a harmonic inverse mean 
curvature surface of revolution. 



1 Introduction 

The theory of surfaces is connected with the theory of solitons through 
a compatibility condition of the Gauss-Weingarten equations. Bobenko 
[I] gave an outline of eight classes of surfaces in the three-dimensional 
Euclidean space E 3 in the formulation of the theory of solitons. They are 
minimal surfaces, surfaces of constant mean curvature, surfaces of con- 
stant positive Gaussian curvature, surfaces of constant negative Gaussian 
curvature, Bonnet surfaces, harmonic inverse mean curvature surfaces, 
Bianchi surfaces and Bianchi surfaces of positive curvature. For the in- 
vestigation of these surfaces, 2x2 matrices representation of quaternions 
is used to write their moving frames. Their moving frames are integrated 
by Sym's formula [15] . 

Quaternionic analysis by Pedit and Pinkall [14] is a technology to in- 
vestigate surfaces in the Euclidean three- or four-space which are related 
to the soliton theory. In this theory, the Euclidean four-space E 4 is mod- 
eled on the set of all quaternions H. A quaternionic line trivial bundle 
with a complex structure over a Riemann surface is associated with a 
conformal map from the Riemann surface to E 4 . 

We can assume that a quaternionic line trivial bundle associated with a 
constrained Willmore surface in E 4 equips a harmonic complex structure 
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(HI)- H a constrained Willmore surface is neither minimal nor super- 
conformal, then this complex structure defines a smooth family {\" 1 } fl ^s 1 
of flat connections on the line bundle. Then a holonomy spectral curve of 
a constrained Willmore torus is defined by a smooth family of holonomies 
of {V} m6S i. The relation between a constrained Willmore torus and its 
holonomy spectral curve is discussed in detail in [3]. 

If a conformal map from a torus to E 4 is not a constrained Willmore 
torus, then the quaternionic line trivial bundle associated with the con- 
formal map is accompanied with a non-harmonic complex structure. For 
a conformal map, its Darboux transform is defined. Then all Darboux 
transforms of a conformal map describe a multiplier spectral curve of a 
conformal map (see |6j [4]). The property of a conformal map from 
a torus to E 4 is related to that of its multiplier spectral curve. Hence a 
Darboux transform of a conformal map which is not constrained Willmore 
is an important research subject. 

A harmonic inverse mean curvature surface with non-constant mean 
curvature is a conformal map which is not constrained Willmore. We 
abbreviate a harmonic inverse mean curvature surface as a HIMC surface. 
A HIMC surface is introduced by Bobenko jl . A transform of a HIMC 
surface is defined in All isothermic HIMC surfaces are classified in 

terms of Painleve transcendents in [3] (see [2]). We investigate a Darboux 
transform of a HIMC surface. 

For a conformal map f : M — !> H, a mean curvature sphere of f is defined 
by ©. We define a function H: M H by ©. If f(M) C ImH up to 
translations in H, then H is real-valued and exactly a mean curvature 
function of f with the induced metric on M . Hence a HIMC surface is 
a surface in ImH such that 1/H is harmonic. We call a conformal map 
f: M H such that H -1 is harmonic a generalized harmonic inverse 
mean curvature surface and abbreviate it as a GHIMC surface (Definition 
[TJ . We advance the theory of GHIMC surfaces in a similar way to that of 
Willmore surfaces in the four-sphere S 4 in [7]. 

A one- form w is constructed from a mean curvature sphere by @. A 
constrained Willmore surface in E 4 is a conformal map such that there 
exists a one- form -q with w + rj is closed (0]). The one- form w is closed 
if and only if a conformal map is Willmore ([3). On the other hand, we 
have the following. 

Theorem 1. Let L be a line bundle of a conformal map with mean cur- 
vature sphere S such that L p ^ {i>ooA| A G H} for every p £ M. Set 
f := o-(L) : M — Y H. Define a map H : M — >• H by ([2]) and a one-form w 
by @ ■ The map f is a GHIMC surface if and only if there exists n £ H 
with 1 such that H~ x * w H^ 1 + n * dH~ 1 is closed. 

A backward Backlund transform of a Willmore surface in [7] and |13| is 
a Backlund transforms in [I2j . Because a backward Backlund transform of 
a Willmore surface is a Willmore surface, a sequence of Willmore surfaces 
is obtained by repeating to take a backward Backlund transform (see |12j). 

We define a counterpart of a backward Backlund transform of a Will- 
more surface in a GHIMC surface as follows. 

Theorem 2. Let L be a line bundle of a conformal map with mean curva- 
ture sphere S such that L p ^ {vooX | A G H} for every p £ M . We assume 
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that f := a(L): M -¥ H is a GHIMC surface. Define H : M ->• H and 
N: M -t S 2 by ©. Let fi : M ->• EI fee a map s«c/i i/iat d/j = *dH~ 1 and 
f) a map such that defined by 

i) = l(-» + f-NH- 1 ). 

Let M be the subset of M where f) is defined. The quaternionic vector- 
space Sj spanned by vl and u^f) defines a Backlund transform of L on M. 

We call the map f) a backward Backlund transform of a GHIMC sur- 
face f. It is unclear whether a backward Backlund transform of a GHIMC 
surface is a GHIMC surface. Hence a sequence of GHIMC surfaces con- 
structed by backward Backlund transforms is more involved. 

A backward Backlund transform of a GHIMC surface gives a Darboux 
transform of a GHIMC surface as follows. 

Theorem 3. Let L be a line bundle of a conformal map with mean cur- 
vature sphere S such that L p ^ {«ooA| A € H} for every p £ M. We 
assume that f := a(L) : M -¥ Bt is a GHIMC surface. Let t) : M ->■ H be 
a map such that fj is a backward Backlund transform of f on M . Then 
there exists a map _Aoo : M — I H such that f := Aoof) + f is a Darboux 
transform off on M . 

An isothermic surface in E 4 is a surface which has a curvature line 
coordinate around each nonumblic point. For an isothermic surface, a 
classical Darboux transform is defined ([8]). If an isothermic surface is a 
GHIMC surface or a HIMC surface, then we have the following. 

Theorem 4. A classical Darboux transform of an isothermic GHIMC sur- 
face is a GHIMC surface. A classical Darboux transform of an isothermic 
HIMC surface is a HIMC surface. 

We see that if a conformal map f : M — > H is invariant under a sub- 
group B of Euclidean motions in E 4 , then there is a Darboux transform 
/ invariant under B (Corollary |3). A surface of revolution is a surface 
invariant under group of rotations around an axis. All HIMC surfaces of 
revolution are classified by the solutions to the Painleve III equation in 
trigonometric form @ in [3] (see Theorem [SJ . The formula in Theorem 
[6] gives a HIMC surface in E 3 = ImH invariant under rotations 1Z around 
the fc-axis in ImH. Then we obtain a transform of the solutions to the 
Painleve III equation in trigonometric form as follows. 

Theorem 5. Let <f>(x) be a solution to the Painleve III equation in trigono- 
metric form © with 4>'{x) + 2 sin(^(a;)) ^ and f: {x + yi 6 C | x > 0} — s> 
ImH be a HIMC surface of revolution defined by Theorem^ Assume that 
f '■= AooA^ 1 +f is a classical Darboux transform o/f with d\oo +df \l = 
and BXoo = Aoo o tb for every B 6 TZ. Then f is a HIMC surface of 
revolution invariant under TZ and the function <f>(x) defined by ([8)l for f is 
a solution to the Painleve III equation in trigonometric form © . 

Acknowledgement. This work is supported by JSPS KAKENHI Grant 
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2 Conformal maps 



We recall a conformal map and a line bundle associated with a conformal 
map (0). 

Throughout this paper, we assume that M is a simply-connected Rie- 
mann surface with complex structure J M and maps, vector bundles, sec- 
tions are smooth. An orientation of M is fixed so that, for any non-zero 
tangent vector v of M, an ordered pair (v, J v) is a positive basis. We 
denote by TM the tangent bundle of M and by T*M the cotangent bundle 
of M. 

Let E be a vector space. We denote by SV(E) the set of p- forms on 
M with values in E. For a vector bundle F over M, we denote by £l p (F) 
the set of p-forms on M with values in F. For to £ Q (F), we define *uj 
by * ui = u) o J M . We denote by J3 the trivial bundle over M. Then QP (E) 
is naturally identified with £l p (E). 

We model R 4 on the set of all quaternions H and R 3 on the set of 
all purely imaginary quaternions ImH. For a quaternion a, we denote 
by a the quaternionic conjugate of a. Set Re a := (a + a)/2 and Ima := 
(a — a)/2. Then, the inner product of a and b G R = EI is (a, fe) = 
Re(afc) = 2 _1 (a& + 6a) and the norm of a G H is |o| := (aa) 1 ^ 2 . We denote 
by ImH the set of all purely imaginary quaternions. If a, b G ImH, then 
ab is the vector product a x b. Let S be the sphere of radius one centered 
at the origin in ImH. Then, S 2 = {a £ ImH | a 2 = -1}. Hence, S 2 is the 
set of all square roots of —1 in ImH. 

Let u G Q 1 (B). We define oj n G Q^H) and uj n G fi^H) by setting 

cjjv:=— (cj — N * ui), oj N :— — (u — *ui N). 

Then, co decomposes because lo = ljn + oj_jv = co N + co~ N . We see that 
*cjjv = N ujn and *uj n = oj N. Clearly, lj = u>n if and only if cj_jv = 0. 
Similarly, cj — lj n if and only if lj~ n — 0. The quaternionic conjugation 
provides an identity ZZTjv = ZJ~ N . It is known that u A ujn = ([7], 
Proposition 16). 

Let E and F be right quaternionic vector bundles over a manifold. We 
denote by Hom(_E, F) the real vector bundle of quaternionic bundle homo- 
morphism from E to F, and End(_B) the real vector bundle of quaternionic 
bundle endomorphisms of E. We denote the identity automorphism of E 
by Id. We call J G Q°(End(E)) a complex structure of E if J 2 = - Id. 

We denote by V the right quaternionic vector space of dimension two 
and by P(V) the quaternionic projective space of dimension one. We 
model the conformal four sphere S 4 on P(V). Let T be the tautological 
line bundle of P(V). We denote the trivial quaternionic vector bundle over 
P(V) of rank two by V. The tangent bundle TP(V) of P(V) is identified 
with a bundle Hom(7", V/T). 

We fix a basis (t>o,«oo) of V. Let V* be the dual vector space of V. 
There exists uniquely a basis (vg , ) of V* such that 

i>o(«o) = 1, «a(«oo) = 0, i4,(u ) = 0, i4,(tioo) = l- 
We define a map cr : V \ {woo A j A G H} ->■ H by 



4 



for every v G V. The map a induces a map from P(V) \ {i>ooA | A G H} to 
H. This map is a stereographic projection of S 4 = ¥(V) from {vooA | A G 
H} G F(V). 

Let f:M—> V(V) = S 4 be a map and L := /*T. Then L is a 
quaternionic line subbundle of V_ such that L p = /(p) for every p G M. 
Conversely, if L is a line subbundle of V, then there exists a map / : M — > 
W(V) such that L = f*l~. We call L the Zine bundle of a conformal map 
f. We use the terminology of maps for line bundles. 

Let 7T— ^ L : V_ —> VJ L be the projection. We consider vo and Voo as 
sections of V_. Define a flat quaternionic connection V on V_ by V«o = 
Vuoo = 0. Then the differential map df : TM TP(V) is identified with 
a one-form 5 := n^ /L V\ n o (L) G Q, 1 (Hom(L,V_/ L)). A line bundle £ is 
called a line bundle of a conformal map if there exists a complex structure 
5 G fi°(End(V;)) such that 

SL = L, VS\ L en\L), *5 = 7T^ L SV\ n o (L) =SS\no {L) . (1) 

The complex structure S is called the mean curvature sphere or the con- 
formal Gauss map of L. 

Let L be a line bundle of a conformal map with mean curvature sphere 
S. We assume that L p ^ {f oo A | A G H} for every p G M. We define a map 
f : M — >• H by f(p) := cr(L p ) for each p G M. The section u_l := uo + i>cof of 
L does not vanish anywhere. We see that (voo, vl) is a frame of V_. We call 
S the mean curvature sphere of f . There exist H : M — > H, N : M — > S 2 
and R: M S 2 such that 

Suoo = t'ooA*' + vl(—H), Sv l =v l {-R), 



N 2 — R A — -1, Hi? = HAT, (2) 
dfH=(dN) N , Hdf=(dR)~ R . 

Then (t{f)_ w = (4f) fl ; = 0. 

Conversely, let f: M ->■ FJ be a map with (df)-jv = (rff) fl = 0. Then 
a map H : M — ¥ H is defined by ([2]) except at the branch points or f . We 
define a line bundle L by L p = {(n + i>oof(p))A | A G H} for each p G M. 
Then L is a line bundle of a conformal map with mean curvature sphere 
S defined by ((2J, except at the branch points of f. 

Let L be a line bundle of a conformal map with mean curvature sphere 
S such that L p ^ {uocA | A G H} for every p G M. We induce a (singular) 
metric on M by f = <r(L). Then f is a conformal map except at the 
branch points of f. The map f is called a conformal map with left normal 
N and right normal 7?. Let H be the mean curvature vector of f. Then 
H = —NH = —HR. The image of f is contained in Imi up to translations 
in FJ if and only if N — R. If the image of f is contained in Imi up to 
translations in H, then H is the mean curvature function of f. 

We define A, Q G fi 1 (End(V)) by 

2A = SdS + *dS, 2Q = SdS -*dS. (3) 
The one- forms A and Q are called the Hopf fields of L. We have 
4Awoo = v L (- * w), 4Av L = v L 2R(dR)~ R , 
4Qv ao =v 00 2N(dN)-N+v L *(2dH-w), 4Qv L = 0, (4) 
w = dH + H* dfH + R * dH — H * dN. 
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For C £ End(l/), we set (C) := | tru C. Then an indefinite scalar 
product { , ) of End(V) is denned by setting (Ci,C2) := (C1C2) for Ci, 
C 2 <E End(V). The functional 

W(L) :=- I {AA*A) 

is called the Willmore functional of L. A conformal map whose line bundle 
is a critical line bundle of W is called a Willmore surface. A critical line 
bundle is called a Willmore line bundle. It is known that a line bundle L 
of a conformal map with L p 7^ {v^X | A 6 H} for every p £ M is Willmore 
if and only if dw = ([7j, Proposition 15). 

The following lemma is proved in [7] implicitly. 
Lemma 1. We have (2 dH - w)' N = 0. 

Proof. We have 

« 00 2iV(dAr)_jv + «£ * (2 - tu) = ^Qv^ = - * 4QSVoc 
= - * 4QKoiV + vl(-H)) = (^ 00 (-2(dAr)_ JV ) + « L (2d# - w))N 
= « oc 2iV(dAr)_jv + v L (2dH - w)N. 

Hence, * (2d# - w) = (2dH - w)N. Then (2dff - w) _JV = 0. □ 

3 Transforms 

We recall Backlund transforms and Darboux transforms of a conformal 
map in (131 [3] . 

Let L be a line bundle of a conformal map with mean curvature sphere 
S such that L p / {t^A | A £ H} for every p € M. Set f := a{L) : M -»■ H 
and ux, := w + w^f. Define N : M S 2 , R: M ~> S 2 and # : M ->■ H 
by ©. We have a splitting V = L ® (V/L). Let tt^ : V -»■ L be the 
projection. We decompose V|no(£) by this splitting as 

V|no {i) = V L + <5, V L = 7r L V| n o (L) . 

We see that V L is a connection of L. Because V l vl = tv l Vvl = 
■n L Voc df = 0, the section vl is a nowhere-vanishing parallel section of 
V L . Hence V 1, is a flat connection. Set D L := 2~ 1 (V L + S * V L ). The 
operator D L is a quaternionic holomorphic structure of L (see [13]). Be- 
cause V l vl = 0, we have D l vl = 0. 

Assume that Ao : M —> H and Ai : M — >• HI be maps such that ulAo and 
vlXi are linearly independent, D l (vlXo) = D l (vl\i) = and |Ao(p)| + 
1 Ai (jo) I 7^ for any p £ M. Let be the two dimensional vector space 
spanned by vl\o and vlAi. Then £) is a trivial bundle over M of rank 
two. Let ev: £) — > L be the evaluation map defined by 

ev(p, v L \ fi + vlXiHi) = (p, («Zv(A /io + AiA*i))(p)). 

The map ev : — >■ L is a surjective bundle homomorphism. Hence we 
have an injective bundle homomorphism ev* : — > iy\ Let L* and 
be the dual bundles of L and $j respectively. Then, we have a line bundle 
ev*(L*) C °f a conformal map. The line bundle ev*(L*) is called the 
Backlund transform of L with respect to $). 
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Lemma 2. A non-constant map X : M — > H satisfies the equation (dX)n = 
if and only if the subspace spanned by vl and vlX defines a Backlund 
transform of L. 

Proof. Recall that D l vl = and vl is nowhere- vanishing. For a non- 
constant map A : M — > H, we have 

2D L v L \ = V L (v L X) + S * V l («lA) = v L 2(dX) R . 

Hence D l (vlX) = if and only if (d\)n — 0. Thus vl and vlX defines a 
Backlund transform if and only if A is not constant and (c(A)_r = 0. □ 

Lemma 3. Let Aoo : M — ¥ H and Xl'- M — > H be maps satisfying the 
equation dAoo + df Xl = 0. Then a subspace ofQ°(L) spanned by vl and 
vlXl defines a Backlund transform of L. 

Proof. We have = d(dAoo) = d(— df Al) = df A dAz,. Hence (dA^n = 0. 
By Lemma [2] a subspace of f2° (L) spanned by vl and vlXl defines a 
Backlund transform of L. □ 

For cj> £ n°(V/L), we denote by € Q.°(V) a lift of 0, that is -k^ /l 4> = 
4>. Set 

D^ /L cj> := tt^ /l ^i(V<^ + S* V<^ . 

The operator D—' L is a quaternionic holomorphic structure of V_/L. It 
is known that if D—^ L (f> = 0, then there exists a unique lift <f> such that 
7r^ /L V0 = 0. Then, a line bundle L with L p = {$(p)X\X £ H} for 
every p £ M away from zeros of is a line bundle of a conformal map. 
Set 6 := tt^ /£ V. Then SL — L and *5 — S5. The line bundle L of a 
conformal map is called a Darboux transform of L with respect to <\>. We 
call the map f = cr(L) a Darboux transform of f with respect to <j>. 

A Darboux transform L is called classical if Lj, L p for each p 6 M 
and 5 1 is the mean curvature sphere of L ([8]). Let S be the mean curvature 
sphere of L and set f := o~(L). If L is a classical Darboux transform, then 
f and f share conformal curvature line parametrizations. The conformal 
maps f and f are called isothermic surfaces (see [8]). 

The equation dAoo + df Xl — is related with a Darboux transform as 
follows. 

Lemma 4. // maps Aoo : M — >• EI and Xl : M — > HI satisfy the equation 
dXrx, + df Xl = 0, then f = AooA^ 1 + f is a Darboux transform of f with 

respect to UooAoo andf is a Darboux transform off with respect to VooA^ 1 . 

Proof. We identify V_/L with keru c * = {uoo A | A 6 H}. For fooAoo G 
n°(ker_Uo) S with Aoo : M -> H, we have 

2D— ^VaoXoo = 7T— l L (Voo dAoo + SVoc * dAoo) 
= 7T— ^(WooCdAoo + JV * dAoo)) = «oo2(dAoo)-JV- 

Hence D— / L i>ooAoo = if and only if (dAoo)-jv = 0. 
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A lift of 4> = ^ooAoo is written as 4> = WooAoo + vlXl for Xl : M — »• HI. 
Because o~(L p ) = f(p) for every p € M , we have 

■K V/L X7(f> = n v/L (voo dXov + v. x dfX L + vl dX L ) = «oc(dAoc + df Xl)- 

Hence <f> = WocAoc +vlXl satisfies the equation n v ^ L \7(j> = if and only if 
dAoo + df A L = 0. Thus if maps Aoo : M ->■ M and A L : M ->• H satisfy the 
equation dAoo +df Xl = 0, then a line bundle L with L v — {<f>(p)X \ X £ H} 
for every p £ M away from zero of is a Darboux transform of L with 
respect to fooAoo- Because 

4> = UooAoo + VlXl = WoAi + Woo (Aoo + fAz,), 

we have <r(L) = (Aoo + f A L )A^ 1 = AooA^ 1 + f = f . 

We have df = Aoo dA7\ Hence dA^+df (-A^ 1 ) = 0. Then A^ 1 (-A^)+ 
f = f is a Darboux transform of f with respect to WooA^ 1 . □ 

We have the following by straightforward calculation. 
Lemma 5. Define v z , Too, Tl, N, R and H by 

Vl= V + Woof = «oo Too + V L T L , 

Sv 00 =v 00 N + v z (-H), Sv z =v £ (-R), 
N 2 = R 2 = -1, RH = HN, 
dfH = (dN)fi, HdJ= (dR)~ R . 

Then, 

T L = 1, Too=T-f, 
iVToo + TooHToo + Tooi? = 0, 
N - N = (f - f)H, R — R = H(f — f). 

T/ie map f is an isothermic surface and f is a classical Darboux transform 
if and only if R = —T^NTaa. If a map f is an isothermic surface and f 
is a classical Darboux transform then H — H . 

Proof. Because 

Woo Too + V L T L = WooToo + (V + V x f)T L = V T L + Woo (Too + fT L ), 

we have Tl = 1 and Too = f — f . 
Because 

SL = L, 

Sv z = 5(wooToo + vl) = (v^N + v L {-H))T x + v L (-R) 
= Woo^Too + VLi-HT^ - R) 

= WooiVToo + (-WooToo + W £ )(-HToo - R) 
= Woo(iVToo + TooHToo + Too-R) + w £ (--HToo - R), 
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we have NT X + T^HT^ +T oo R = 0. Because 

~HT X -R= -T-^T^HToo + T^R) = T^NT^, 

we have Sv z — v z T^ NToo. 

Because * 8 = S8 — S8, we have 

V/LS V/L a 
SVoo = VovN + V L (-H) = V oa N+ (-^ooToo + Vf;)(-H) 

= v 00 (N + T 00 H) + v z (-H), 
SVoc =v x N + v t {-H). 

Hence N-N= (f-f)H. 

By Lemma[4] a conformal map f is a Darboux transform of f. Because 
df(-H) = (dR) R and df (-H) = (dR)^ we have R-R= (f -f)(-H). 
Then R - R = H(f - f). 

We assume that f is an isothermic surface and a Darboux transform L 
of L is classical. 

We have 

5Sv z = SvfT^NT^ = v x dfT^NToe, 
5Sv z = 8v z (-R) = v x df(-R). 

Hence R = -T^NT^. 

Conversely, if R — — T < ^ 1 AT 00 , then * 8 = 8S = SS. Because L is a 
Darboux transform of L, we have SS = SS. Hence L is a classical Darboux 
transform of L. 

If f is an isothermic surface and f is a classical Darboux transform, 
then f is a classical Darboux transform of f. Hence N — N = (f — f)H. 
Then H = H. □ 

A pair of two conformal maps f and g is called a Christoffel pair in [9] 
if df A dg = dg A df = 0. It is known that if a pair f and g is a Christoffel 
pair, then maps f and g are isothermic. If a map f is isothermic, then 
there exists a map g such that a pair of f and g is a Christoffel pair (see 

El). 

Corollary 1. We assume that conformal maps Aoo : M — ¥ H, \l : M — > 
H, f : M — > H and g: M — ► H satisfy the equation dXoo + df Al = and 
dAi,+dg Aoo = 0. 5ei f := A oc A^ 1 +f andg := AiA^+g. Ifd\ 00 hd\J j 1 = 
dAi A dA^ 1 = 0, then df A dg = dg A df = and df A dg = dg A df = 0. 
27ie conformal maps f and g are classical Darboux transforms of f and g 
respectively. 

Proof. We have 

df A dg = dAoo A7 1 A dAz, A^ 1 = — dAoo A dA7 x AlAT^ 1 = 0, 
dg A df = dA L A" 1 A dA^ A7 1 = — dA L A dA" 1 A^Ar 1 = 0. 
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Because df = Aoo dA^ 1 and dg = \l dAoo 1 , we have 

df A dg = Aoo dA^ 1 A \l dA^ 1 = — AooA^ 1 dAz, A dA^ 1 = 0, 
dg A df = \l d\^} A Aoo dA^ 1 = — A^A^ 1 dAoo A dA^ 1 = 0. 

We assume that (df)_jv = and (df) R — 0. Because df = dAoo A^ 1 , 
df = Aoo dA^ 1 , and df A Al dA^ 1 = — df A A^A" 1 dAoo A^ 1 = 0, we have 
R = — Al A^A^Aoo A^ 1 = —T^ NToo. Hence f is a classical Darboux 
transform of f. □ 

We see that a pair of an isothermic surface in E 3 and its classical 
Darboux transform forms a Bonnet pair in [10] up to similarities in E 3 . 
For an isothermic surface in E 3 , we have the following. 

Corollary 2. We assume that L is a classical Darboux transform of a 
line bundle L of an isothermic surface. The image of f is contained in 
Im H up to translations in H if and only if the image of f is contained in 
Imi up to translations in EL 

Proof. Assume that the image of f is contained in Im H up to translations 
in EL Then N — R and H is real- valued. By Lemma O we have H — H . 
Hence H is real-valued. Then 

N = N+(j-f)H, 
R = R + H0 - f) = N + (f - f)H = N. 

Then the image of f is contained in ImH up to translations in EL 

The converse is trivial. □ 

Let B: EI — > H be a Euclidean motion of E 4 — H fixing the origin. 
Then there exists r, s € H with |r| = \s\ = 1 such that Ba — ras^ 1 for 
any a £ EL If r = s, then B is a Euclidean motion of E 4 = H fixing lei 
and ImH. 

Lemma 6. Let f: M — ¥ H be a conformal map and f = AooA^ 1 + f a 
Darboux transform of f with respect to WooAoo such that dAoo + df \l = 0. 
Then Bf is a Darboux transform of Bf with respect to UooBAoo- 

Proof. We have 

Bf= BAoo sX^s- 1 + Bf. 
Because dAoo + df Al = 0, we have 

d(BAoo) +d(Bf) sXls" 1 = 0. 

Hence Bf is a Darboux transform of Bf with respect to i>ooBAoo- □ 

For a subgroup B of Euclidean motions of E n (n = 3, 4), we say that a 
map f : M — > E" is invariant under B if there exists a subgroup {tb}bgb 
of holomorphic transformations of M such that Bf = f ore for any B G B. 
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Corollary 3. Let B be a subgroup of Euclidean motions o/E 4 = H such 
that each element of B fixes the origin o/H and f : M —> H be a conformal 
map invariant under B. Let tb : M — > M be a holomorphic transforma- 
tions of M such that Bf = fors for each B £ B. Assume that Aoo : M —¥ H 
and \l- M — > H are maps such that dAoo + df Al =0 and BAoo — A™ org 
for every B £ B. Set f := AooA^ 1 + f . Then f is a Darboux transform of f 
invariant under B. 

Proof. Let B £ B. Then there exist r, s £ H with |rj = |s| = 1 such that 
Ba = ras -1 for any a 6 HI. We have 

B(d\oa + df Xl) = d(BAoo) + d(Bf) sAis" 1 = 0, 
T B (dXoo + df Xl) = d(Aoo o r s ) + (d(f o r B )) Al o t b 
= diBXov) + (d(Bf)) X L o TB = 0. 

Hence Al o tb = sXls~ . By the definition, the map f is a Darboux 
transform of f with respect to «ooAoo. We have 

Bf = ^(AooA^ 1 + f) = (BA 00 )sA£ 1 s- 1 + Bf 
= (Aoo o t b ){X l o r B y l +for B = f o TB- 

for each B £ B. Hence f is invariant under B. □ 

4 GHIMC surfaces 

A conformal map f : M — > Im H is called a harmonic inverse mean curva- 
ture surface if d*dH~ 1 = ([I]). We introduce the notion of a generalized 
harmonic inverse mean curvature surface and define its transform. 

Let L be a line bundle of a conformal map with mean curvature sphere 

5 such that L p ^ {«oo A | A £ M} for every p £ M. Set f := a(L) : M ->• H. 
Define B: Af H by ©. 

Definition 1. We call the map f a generalized harmonic inverse mean 
curvature surface if d * dH^ 1 — 0. 

We abbreviate a harmonic inverse mean curvature surface as a HIMC 
surface and a generalized harmonic inverse mean curvature surface as a 
GHIMC surface. A GHIMC surface f whose image is contained in ImH 
up to translations in H is exactly a HIMC surface. 

Proof of Theorem^ Let L be a line bundle of a conformal map with mean 
curvature sphere S such that L v 7^ {uooA | A £ H} for every p £ M and 
I be a Darboux transform of L. Set f := a(L) and f := o~(L). Define 
H : M -> H by © and H : M -> H by ©. By LemmaEl we have H = H. 
Hence d * dB = if and only if d * dH = 0. Hence f is a GHIMC surface 
if and only if f is. 

If f is a HIMC surface, then the image of f is contained in Im EI up to 
translations in EI by Corollary [2] Hence f is a HIMC surface. Similarly, if 
f is a HIMC surface, then f is a HIMC surface. □ 
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Comparing a Willmore conformal map with a GHIMC surface, we 
advance the theory of GHIMC surfaces. 

Define one-forms A, Q and w by (J3]) and Q. The map f is Willmore 
if and only if w is closed (see [7])- Theorem [1] is a counterpart in GHIMC 
surfaces. 

Proof of Theorem QJ We have 

-H' 1 *wH' 1 = * dH + H dfH + RdH — H dN)H _1 

= * dH' 1 + df + H' 1 RdH H' 1 — dN H' 1 

= *dH~ 1 +df + NH' 1 dH H' 1 -dN H' 1 

= * dH' 1 + df- N dH' 1 - dN H' 1 

= xdH' 1 + d(f- NH" 1 ). 

Then H' 1 * w H" 1 + * dH -1 is closed. Hence L is a GHIMC surface if and 
only if there exists n £ H with n / 1 such that H _1 * w H' 1 + n* dH -1 
is closed. □ 

We explain Theorem [1] in a different way. Set vl '■= Vo + Voof- Then, 
{voo,vl) is a frame of V. Set ip := — fi>5 + v^. Then (ip,Vo) is the dual 
frame of (««>, 

Corollary 4. Let L be a line bundle of a conformal map with mean 
curvature sphere S such that L p 7^ {v^X | A G H} for every p £ M. Set 
f := cr(L) : M — ¥ H, vl, :— v + Voof and ip := — fvg + v^. Define a map 
H : M — s> H by (0), a one-form Q by ^ and a one-form w by (g}. The 
map f: M — > H is a GHIMC surface if and only if H~ 1 ip(Qv ao )H~ 1 is 
closed. 

Proof. We have 

■iH^iPiQv^H' 1 = —2 * dH' 1 — H' 1 *wH' 1 . 
Hence the corollary follows by Theorem [T] □ 

Let b : M — v EI be a map such that db — w/2 — dH. If f is Willmore, 
then the subspace spanned by vl and u^b defines a Backlund transform of 
L and the map b is called a backward Backlund transform (see [7]). The- 
orem [5] is a counterpart of a backward Backlund transform of a Willmore 
surface in GHIMC surfaces. 

Proof of Theorem^ Define Q by ©. Then 

2dh, = -d^i + d(f-iV//~ 1 ) 
= -2 * df/ -1 - H' 1 *wH' 1 = 4H~ 1 i>(Qv 00 )H- 1 . 

We have ip(Qvao) = * (2 dH—w). By Lemma[T] we have (i/)(Qvoo))~ = 0. 
Hence 

* (H'^iQv^H- 1 ) = H' 1 * (^(Qw^))^- 1 
= H~ l ij)(Qv o)NH~ 1 = H-^iQv^H^R. 

Hence (df))~ H = 0. Then (dh)jj = 0. By Lemma[2] the subspace spanned 
by vl and VL,t) defines a Backlund transform of L. □ 
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As a counterpart in a GHIMC surface, we introduce the notion of a 
backward Backlund transform of a GHIMC surface as follows. 

Definition 2. Let I be a line bundle of a conformal map with mean 
curvature sphere S such that L p ^ {v^X | A 6 H} for every p £ M. We 
assume that f := a(L) is a GHIMC surface. Define H : M —> H and 
N: M -» S 2 by ©. Let fi: M -> H be a map such that dfj, — * dH 1 and 
f) : M — > H be a map defined by 

(^(-M + f-iVff- 1 ). 

Then we call the map f) the backward Backlund transform of f. 

A backward Backlund transform of a Willmore surface is Willmore. 
On the other hand, it is unclear whether a backward Backlund transform 
of a GHIMC surface is a GHIMC surface. 

Let B: i -> I be a Euclidean motion of E 4 = H. Then there exist 
r, s £ H with |r| = |s| = 1 and t £ H such that Ba = ras -1 + t for any 
a € HI. 

Lemma 7. Assume that f: M —¥ EI is a GHIMC surface with mean 
curvature sphere S. Define N : M -> S 2 and H : M -¥ H by (HJ. Let 
f) = (— jit + f — NH~ 1 )/2 a backward Backlund transform of f wii/i d/i = 
*dH~ . Then B(2[))/2 is a backward Backlund transform of Bf. 

Proof. The mean curvature sphere S of Bf defines the functions N : M — ► 
S 2 , R: M ->■ S 2 and B: M -> H by 

= vo + v^Bf, 

Sv x = v^N + v L (-H), Sv L = v L (-R), 

N 2 = R 2 = -1, RH = HN, ^ 

d(Bf)H = (dN)jj, Hd(Bf) = (dR)~ R . 

Then TV = rTVr -1 and R = sBs -1 . Let T-L be the mean curvature vector 
of Bf. Then H = rUs' 1 . Hence 



H = -HN = -r^s^r/Vr" 1 = -sHNr' 1 = -s 
Set /i := r/is" 1 . Then d/i = *dH~ = rdfis -1 . Hence 
B(2fj) = r (-/i + f - /VB -1 ) + i 
= —rfj,S 1 + rfs 1 — rTVr VB 1 s 1 +t 
= -fi + Bf-NH' 1 . 



Then B(2f))/2 is a backward Backlund transform of Bf. □ 

We can construct a Darboux transform of a GHIMC surface from the 
backward Backlund transform. 

Proof of Theorem^ Because vl and vl§ defines a Backlund transform of 
L by Theorem[2l there exists a map Aoo : M — > H such that dAoo +df f) = 
and the map f = Aoof) + f is a Darboux transform of f with respect to 
"ooAoo by Lemma [J] □ 



13 



We consider a HIMC surface of revolution. Let TZ be a group consists 
of all the elements of the rotation group of H which fix the origin and 
a plane containing the origin, 1 and k. A conformal map f: M — ¥ Imi 
invariant under TZ is called a surface of revolution. It is known that a 
surface of revolution is an isothermic surface. 

Corollary 5. Let f : M — ¥ H be an isothermic GHIMC surface invariant 
under TZ and {tb}b£1z be the subgroup of holomorphic transformations 
of M such that Bf — f o rg for each B £ TZ. Assume that Aoo : M — > H 
and Xl '■ M — >■ H are maps such that dAoo + df \l = 0, f := AooA^ 1 + f 
is a classical Darboux transform and BX^ — Aoo o tb for every B £ 1Z. 
Then f is a GHIMC surface invariant under 7Z. If f: M — > Imi is an 
isothermic HIMC surface invariant under 7Z, then f is a HIMC surface 
invariant under 7Z. 

Proof. By Corollary [3] the map f is invariant under TZ. By Theorem 21 
the map f is a GHIMC surface. By Theorem [4j if f is a HIMC surface, 
then f is a HIMC surface. □ 

All HIMC surfaces of revolution are classified in [3]. Let (x,y) be a 
coordinate of K 2 such that x + yi is the standard holomorphic coordinate 
C. 

Theorem 6 ([3], Lemma 2, Theorem 1). Iff : C — > Imi with the induced 
metric on C is a surface of revolution, then it has a parametnzation 

e" M/2 cos(ay) e u(x) / 2 sm( ay) c(x), 

f(x + yi) = K -^i + ^-JHj + ±± k , 

a a a \() 

u:R->R, c:R->R, a e R \ {0}. 

If f: {x + yi 6 C | x > 0} — > Im EI with the above parametrization is a 
HIMC surface, then a real-valued function tf> : R — > R defined by 

sva((f>(x)) — — c (x)e~ u(,x ^ 2 , cos(<^(s)) = — u'{x). (8) 

is a solution to the Painleve III equation in trigonometric form 

x\<j>"{x) -2sm.(2(j>(x)) + 4>'{x) + 2 sm{<j>{x))] = 0. (9) 

Conversely, let<j>(x) be arbitrary solution to @ with <j>'(x)+2 sm(<j>(x)) 7^ 
0. Then the map f : C — > ImH defined by and 

u(x) _ x 2 (<j>'(x) + 2sm(<l>(x))) 2 
£ 4 

c(x) = -^{(ct>'(x)) 2 -±[ S m(ct>(x))] 2 }. 

is a HIMC surface of revolution. 

Then we have a transform of a solution to the Painleve III equation 
in trigonometric form. 
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Proof of Theorem A HIMC surface f in Theorem [6] is invariant under 
1Z. Because a surface of revolution is an isothermic surface, a classical 
Darboux transform f is a HIMC surface. A HIMC surface f is invariant 
under 1Z by Corollary [5] The function <f>(x) is defined by ((HJ for f and it 
is a solution to the the Painleve III equation in trigonometric form © by 
Theorem E] □ 
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